ABSTRACT: Bedforms are irregular features that cannot easily be described by mean values. The variations in the geometric dimensions affect the bed roughness, and they are important in the modeling of vertical sorting and in modeling the thickness of cross-strata sets. The authors analyze the variability of bedform dimensions for three sets of flume experiments, considering PDFs of bedform height, trough elevation and crest elevation divided by its mean value. It appears that the dimensionless standard deviation of the bedform height is within a narrow range for nearly all experiments. This appears to be valid for the trough elevation and crest elevation, as well. For some modeling purposes, it seems sufficient to assume that the standard deviation is a constant, so that the variation in bedform dimension can be modeled by only predicting the mean bedform dimension.
INTRODUCTION
The occurrence and development of bedforms such as river dunes or sand waves generated by water flows have been investigated extensively because of the importance of bedforms for flow resistance (e.g. Fredsøe, 1979; Van Rijn, 1984; Gabel, 1993) . Bedform dimensions affect form drag and thus the total hydraulic roughness of the river or sea bed. As this hydraulic roughness influences water levels significantly, it is important to enlarge insight in the behavior of bedforms.
Several physical and empirical relationships exist that predict bedform dimensions under steady flow conditions. These relationships, based on flow and sediment properties, field and flume data, compute mean bedform characteristics. In such relationships bedforms are considered as periodic features with bedform length λ, bedform height and a constant migration rate c. These mean bedform dimensions are generally used to predict form drag. However, bedforms are not regular. They are three-dimensional and irregular in size, shape and spacing; see, for instance, the time series of bed elevation in Figure 1 .
In various situations, it appears that just applying mean values is not sufficient. Variability of bedform dimensions needs to be taken into account, for instance when modeling (1) the thickness of cross-strata sets, (2) bed roughness or (3) vertical sorting.
Modeling the thickness of cross-strata sets
Sets of cross-strata (also simply called cross-sets) resulting from migration of bedforms are a common sedimentary structure in sandstones of fluvial origin, see Figure 2 for an example. The thickness of crossstrata sets and bedform heights are of importance for palaeoenvironmental reconstruction. The thickness of cross-sets as seen in cross sections parallel to the mean flow direction depends among other things on the succession of bedforms of varying height or scour depth passing through the cross section and on changes in the height of individual bedforms as they migrate (Paola & Borgman, 1991; Best & Bridge, 1992; Bridge & Best, 1997) . This can be shown by looking at the following simple case (Paola & Borgman, 1991) . Consider a train of migrating, two-dimensional, triangular bedforms of uniform height and spacing in a situation without net aggradation. Here no stratification is formed at all, see Figure 3a .
A situation with bedforms of identical shape and size moving along a slowly aggrading streambed results in the formation of regular parallel crosssets with a thickness s ( fig. 3b) . By comparing this Jopling (1964 Jopling ( , 1965 . The flow direction is from right to left. From Jopling (1967) . perfectly regular train of bedforms with an irregular one, in the absence of net deposition ( fig. 3c ), it can be seen that the preserved deposit thickness is not zero for irregular bed topography (Paola & Borgman, 1991) . Only the deepest trough bedforms leave a depositional record (Best & Bridge, 1992; Bridge & Best, 1997) , so that applying the mean value of the trough elevation will not be appropriate. Therefore in stratigraphy studies, probability density functions (PDFs) of bedform height and of bedform scour depth are introduced to be able to model the cross-set thickness. It is now possible to predict the thickness distribution of cross-sets from the bedform height distribution, and vice versa (Paola & Borgman, 1991; Bridge & Best, 1997 ).
Modeling hydraulic roughness
Bedforms exert a drag on the flow. On the upstream side, the rising bed elevation causes an acceleration of the flow and a decrease in pressure. Beyond the crest, water depth and pressure increase and the flow decelerates. These pressure gradients give rise to form drag. Form drag due to the presence of bedforms results in a component of flow resistance that is often called form roughness. As form roughness depends on the size, shape and spacing of the bedforms (e.g. Allen, 1983; Nelson et al., 1993) , it will be clear that a field of bedforms, irregular in space and time, results in a form roughness varying in space and time, as well as the total hydraulic roughness.
Modeling vertical sorting
Besides the size and shape of bedforms, also vertical sorting affects the bed roughness. Vertical sediment fluxes within the bed result in a certain organization of sediment particles over depth; for instance, armoring of a plane river bed or downward coarsening in river dunes. This so-called vertical sorting influences the composition of the bed surface, and thus the rate and composition of the sediment transport and bedform dimensions (Blom et al., 2003) . As a result, sorting affects the hydraulic roughness. Blom & Parker (2004) have developed a new type of sediment continuity model that describes the evolution of the vertical sorting profile for a dune-covered bed. As vertical sorting and the adaptation time scale are strongly related to the variability in trough elevations, this model takes into account the irregularities in bedform size by incorporating the statistics of the trough elevations. A submodel describing (the time evolution of ) the PDF of the trough elevation relative to the mean bed level is required as input to the Blom & Parker model.
In the present research the variability in bedform height, trough elevation and crest elevation are examined by analyzing three sets of flume experiments.
2 FLUME EXPERIMENTS Leclair (2002) and Blom et al. (2003) independently conducted experiments under dune conditions in sediment recirculating flumes. Leclair performed a series of runs under different flow conditions at the Binghamton University (BU), NewYork, USA. The present paper is based on the BU runs in which no net aggradation occurred. Blom et al.'s experiments were conducted in the Sand Flume of WL|Delft Hydraulics in the Netherlands.
Characteristics of the laboratory flumes and flow and sediment properties of the three sets of experiments (BU, T, A&B) are listed in Table 1 , wherein L denotes the length of the flumes, W denotes the width, h the water depth, u the vertically-averaged streamwise flow velocity, D 50 the median grain size, and av the mean bedform height (averaged over the equilibrium period). Figure 4 shows the grain size distribution of the mixtures used in the experiments. The sediment used in set 1 was well sorted, the sediment of set 2 was poorly sorted. The sediment mixture used in the third set of experiments consisted of three well sorted size fractions with median diameters listed in Table 1 . Series A and B of set 3 differed in their initial sorting profiles. The initial bed of A1 was a flat sloping bed composed of a mixture of equal proportions of the three size fractions. The initial bed of B1 consisted of a mixed layer of 3 cm composed of the same mixture as in A1, on top of a substratum composed of only the finest size fraction. Experiments A2 and B2 started from the final stages of A1 and B1, respectively.
Leclair measured bed elevations along the flume centerline in the test section, while Blom et al. measured longitudinal bed elevations at three locations Table 1 . From Leclair & Blom (2005). over the width of the flume. The measurements were taken over a region that was not influenced by the entrance and exit of the flume. All measurements were taken under equilibrium conditions, which means that bedform dimensions, flow and sediment transport rate varied around stable mean values. In the experiments discussed here, the transported sediment was recirculated and uniform flow was maintained, so that the mean bed level remained constant (no net degradation or aggradation). More detailed descriptions of the conducted experiments are given in Leclair (2002) and Blom et al. (2003) . In the present research, bed elevation profiles are used to gather bedform crest and trough elevation data. Bedform height was determined from these data.
APPROACH
For examining the variability in bedform dimensions, bedform crests and troughs are determined manually from measured bed elevation profiles. For all 11 experiments this selecting of bedforms is done in the same way. Small scale bedforms (e.g. ripples migrating over dunes) are not considered. Selected bedforms are all higher than 3 mm. Figure 5 shows the symbols that will be used in the following. η b denotes the trough elevation relative to the mean bed level, denotes bedform height and η t denotes the crest elevation relative to the mean bed level.
The bedform height is here defined as the vertical distance between a crest and its subsequent trough. Figure 6 shows how bedform crests and troughs are indicated. The amount of bed elevation profiles depends on the time between the measured bed elevation profiles and the duration of the equilibrium period.
We have plotted PDFs of bedform height, trough elevation and crest elevation of individual bedforms. For experiment T9, Figures 7, 8 and 9 show these PDFs. For the sake of comparison a best fit normal distribution is superimposed on these measured distributions of bedform height, trough elevation and crest elevation.
Figures 7a, 8a and 9a show the probability density of bedform height, trough elevation and crest elevation, respectively. Figures 7b, 8b and 9b show the probability density of the dimensionless bedform height, trough elevation and crest elevation. The dimensionless random variables are found by first subtracting bedform height, trough elevation and crest elevation by their mean values, so that -by definition -the mean equals zero.Then, the random variables are made dimensionless by dividing them by their mean values. The scale on the x-axis becomes dimensionless as well, as, by definition, the integral of a probability density function equals 1.
Consider a random variable X with mean µ and standard deviation σ, X (µ,σ). This random variable is subtracted by its mean and then divided by its mean, which yields the new dimensionless random variable X (µ , σ ):
It can be seen that this dimensionless random variable X (µ , σ ) has a zero mean (µ = 0) and a dimensionless standard deviation or relative standard deviation σ = σ r = |σ/µ|. This relative standard deviation is often called the coefficient of variance.
RESULTS
For experiment T9 the dimensionless standard deviation of the bedform height σ r, equals 0.38 ( fig. 7b) .
The dimensionless standard deviation of the trough elevation σ r,η b and crest elevation σ r,ηt is found to be 0.62 and 0.50, respectively (figs. 8b, 9b). For the experiments listed in Table 1 , the dimensionless standard deviations of bedform height, trough and Table 2 . Standard deviation, mean and dimensionless standard deviation of bedform height, trough and crest elevation. crest elevation are shown in Table 2 . N denotes the number of data points. Table 2 shows that the dimensionless standard deviation of bedform height varies around a value of 0.41 within the range 0.26-0.61. This value was found before in other studies (e.g. Gabel, 1993; Kapitonov, 1979) . The dimensionless standard deviation of trough elevation varies between 0.28 and 1.0, with a mean value of 0.64. The dimensionless standard deviation of crest elevation varies within a very narrow range of 0.50-0.62, with a mean of 0.57.
Bedform height Trough elevation Crest elevation
In Figure 10 , the standard deviations σ are plotted against their mean values µ for bedform height ( fig. 10a ), for trough elevation ( fig. 10b ) and for crest elevation ( fig. 10c) . The plotted lines have a slope that is equal to the average of the dimensionless standard deviations (Table 2) .
In all three situations the standard deviation σ increases more or less linearly with increasing mean value µ. This means that the higher the bedforms are on average, the larger is the variation in bedform height. The same holds for trough elevation and crest elevation.
Although some deviations can be seen, it seems that a more or less linear relationship exists between the mean bedform height, trough elevation and crest elevation and their standard deviation. In the next paragraph these deviations will be discussed.
DISCUSSION

Deviating data points
In Figure 10 and Table 2 , three deviations from the linear trend between σ and µ can be distinguished: set 1 (BU-experiments) has slightly higher values for the dimensionless standard deviations than sets 2 and 3; Experiment B2 has a distinct data point for both bedform height and trough elevation in the Figures  10a and 10b, respectively ; the experiments A1 and B1 have quite low values for the dimensionless standard deviation of both bedform height and trough elevation.
The dimensionless standard deviations of bedform height and trough elevation of set 1 (BU) are significantly higher than those of set 2 and 3. From this, we can deduce that the first set of experiments consisted of more irregular bedforms than the sets 2 and 3, which was indeed observed in the bed elevation profiles. Apparently, bedforms in experiments can differ in irregularity even if the flow properties are similar. Compare for instance experiments BU14 and A1. Although the flow characteristics are similar (Table 1) , the mean bedform height and the standard deviation of bedform height vary considerably (Table 2) .
It is reasonable to assume that sediment distribution influences the variability of bedforms, as this was the only physical parameter that differed significantly in both experiments. In order to find out why set 1 is more irregular, the experiments are compared with respect to sediment properties. Figure 11a shows the median grain size of the material in the active bed divided by the water depth versus the dimensionless standard deviation of bedform height. Figure 11b shows the geometric standard deviation of the material in the active bed σ g versus the dimensionless standard deviation of bedform height. This geometric standard deviation gives an indication of the gradation of the sediment in the active layer and is calculated as follows: Figures 11a and 11b show that the median diameter of the sediment and the gradation are small for the BU-experiments compared to the other experiments. It seems that more widely graded sediment mixtures result in more regular bedforms than uniform sediment.
In Figure 10a , one distinct data point for bedform height can be observed, which belongs to experiment B2. In this experiment large dunes developed quickly. Compared to the other experiments, the standard deviation of bedform height and trough elevation relative to its mean value in experiment B2 is quite small (Figure 10b) . It is not yet fully understood why experiment B2 had more regular bedforms than the other experiments. We sought for explanations by plotting the dimensionless standard deviation of bedform height against some physical parameters. Figure 11c shows σ r, versus the average bedform height divided by the water depth. Figure 11d shows σ r, versus a sediment transport parameter . Only the experiments of sets 1 and 3 are plotted here, as data on bedform migration speed was not available for set 2. The transport parameter is computed via:
Herein ρ s and ρ denote the density of sediment and water respectively, g denotes the gravitational acceleration and q a the sediment transport rate: Equation 3 computes the sediment transport rate resulting from the method of dune tracking. The dune tracking method is based on the simple-wave approach; see Bagnold (1941) for more details. In equation 3, q a denotes the volume of bed load transport per unit width and time, c denotes the average bedform migration speed, p denotes the porosity, α the average bedform shape factor (α = −η b,av / av ). Figure 11e shows σ r, versus the Froude number. It can be seen that the Froude number for experiment B2 is quite low, which could be a reason for the regular bedforms. However, more research is needed in order to better understand why some experiments have more regular bedforms than other experiments.
The dimensionless standard deviation of experiments A1 and B1 deviate as well. In Table 2 it can be seen that the experiments A1 and B1 have the lowest values for the dimensionless standard deviation of both bedform height (resp. 0.33 and 0.26) and trough elevation (resp. 0.34 and 0.28). In Blom et al. (2003) the experiments A1 and B1 are defined as Barchantype bedforms underneath which a layer of essentially immobile coarse material formed quickly. Due to the presence of this distinct coarse layer, the variability in trough elevations in A1 and B1 is small. Also Wilcock & Southard (1989) found that the presence of a coarse bed layer underneath migrating bedforms considerably reduces the variability in trough elevations. Thus the small dimensionless standard deviations of A1 and B1 can be explained by the coarse layer underneath the bedforms, i.e. the distinct vertical sorting. Figure 11f shows that when an experiment has regular trough elevations, also the bedform heights are regular. In other words, if an experiment has a small dimensionless standard deviation of trough elevation, the dimensionless standard deviation of bedform height will be small as well. The larger the standard deviation of trough elevation is, the larger is the standard deviation in bedform height.
From the previous, we can conclude that there exists a more or less linear relationship between µ and σ for bedform height, trough elevation and crest elevation. However, some deviations from this linear trend are observed, which are not yet fully understood. Partly, these deviations are explained by the sediment distribution and sediment sorting. It seems however, that for some modeling purposes, it is sufficient to know that the dimensionless standard deviation varies within a certain range. However, sometimes, more detailed information is needed on the variability of bedforms. In order to be able to model the variability of bedforms in more detail, it is necessary to do more research on physical parameters that influence the behavior and thus variability of bedforms.
Lack of clear definitions
It is shown that the values for bedform height are determined from the manually selected troughs and crests of the bed elevation profiles. In order to compare different sets of experiments to each other correctly, it is necessary to treat them in the same way. Although it seems obvious to use the same definitions for determining bedform heights or lengths from measured data, in literature several methods are applied to define bedform height and length. Schilperoort (1984) summarizes what kind of problems has to be dealt with in defining bedform dimensions: -Some researchers take into account smaller-scale bedforms, some don't; -The question arises whether bedforms with characteristics less than a specific threshold value should be excluded from the analysis. For instance Allen (1984) defines dunes as bedforms longer than 600 mm and higher than 40 mm. The choice for a definition is usually made subjectively. This lack of a clear geometric definition may have its consequences when measured dimensions are interpreted. It is generally difficult to make a comparison between bedform data of different researchers, if the original bed elevation profiles are lacking. This definition problem, together with the problem of not having a sufficient number of bedform units (especially in cases of short distance series), may lead to an unreliable comparison between the empirical histogram and the fitted probability density function.
In this research all crests and troughs are selected by hand, so that smaller scale bedforms could be excluded from the datasets. It will be evident that this is not an adequate method to select bedforms, as subjectivity cannot be avoided.
Consider for instance Figure 12 . Bedforms 1 and 2 were defined as bedforms likely to include in the bedform data-set, although it may be debatable excluding bedform 2 from the data-set. In contrast to the irregular experiments of set 1, in the more regular experiments of sets 2 and 3 the selecting of bedforms was less doubtful (Figure 6 will not lead to discussion). A threshold or definition that distinguishes between bedforms that are included and excluded is desirable and necessary. Including small bedforms like bedform 2 results in a larger variation in bedform height and thus a larger standard deviation.
The type of probability distribution also appears to differ per experiment. For instance, the bedform height in experiment T9 could be described by a normal distribution or even better a Gamma distribution ( fig. 7a) . Ashida & Tanaka (1967) concluded from their experiments that in a dune regime their bedform heights (which were not clearly defined) follow approximately a Rayleigh distribution. Nordin (1971) found the dune height (defined as vertical distance between trough and subsequent crest) to approach the Rayleigh distribution. Wang & Shen (1980) found the Weibull distribution to be the best fit for their dune height data with a shape parameter B ranging between 2 and 2.6. Annambhotla et al. (1972) found an exponential distribution for their river bedform heights. The question arises whether these different distributions are In order to characterize bedform dimensions stochastically, it is beyond doubt that the definition of bedform dimensions and the amount of bedform units are relevant elements. Consensus about the best way to define bedform dimensions is therefore desirable.
Consequences for morphodynamic modeling
A dimensionless standard deviation of bedform height, trough elevation or crest elevation that appears to be within a narrow range or is even a constant value is worthwhile in any model that takes into account bedforms. In case of a constant dimensionless standard deviation, the variation in bedform height can be modeled by only predicting the mean bedform height. The same holds for trough elevation and crest elevation.
This could be very useful in for instance the case of computing the effect of sorting using the sediment continuity model developed by Blom & Parker (2004) . For computing the time evolution of a sorting profile, it is necessary to have a submodel for the time evolution of the PDF of trough elevations. By assuming the dimensionless standard deviation to be a constant, only the time evolution of the mean trough elevation has to be modeled. For this purpose, an existing dune height model can be used.
The objectives of a research determine how accurate the results of a model should be. For some modeling purposes, assuming that the dimensionless standard deviation is a constant will give adequate modeling results; in other cases the results will not be accurate enough. It is not yet clear in what situations applying a linear relationship between µ and σ is sufficient. In the case of modeling stratigraphy, it is clear that using a constant value would not be appropriate, as here the extreme values of trough elevation are of relevance. Probably, assuming a linear relationship will also give inaccurate results in the case of well sorted sediment.
For all modeling purposes, a clear definition of bedform height is needed. Applying another definition for bedform height will lead to another mean value and to another standard deviation. Therefore, it is recommended to consider and discuss what the best definition is.
CONCLUSIONS
The stochastics of bedform dimensions are investigated for three sets of flume experiments. The three random variables bedform height, trough elevation relative to mean bed level and crest elevation relative to mean bed level are considered. It appears that the standard deviation σ increases more or less linearly with increasing mean value µ. This results in a dimensionless standard deviation σ/µ that is within a narrow range. The dimensionless standard deviation of bedform height varies around 0.4 and of trough elevation and crest elevation around 0.6.
Deviations from these constants can be seen; these seem to originate from the sediment distribution and sediment sorting (for instance a coarse layer underneath the migrating bedforms).
For some modeling purposes it seems sufficient to apply a constant value for the dimensionless standard deviation. The variation in bedform height can then be modeled by only predicting the mean bedform height. The same holds for trough elevation and crest elevation.
However, in other cases more detailed information may be needed about the variability in bedform dimensions. In this situation, one would like to use an improved model. More research is needed to better understand variations in bedform dimensions, and the physical parameters that determine the behavior and variability of bedforms. In future research the authors will investigate which parameters affect the variability in bedforms. Furthermore we will include more (field) experiments in this research, in order to better understand and thus model the variability in bedforms. We also would like to investigate whether this analysis is useful for sand waves in a marine environment. This paper is also intended to encourage researchers to consider how bedforms are best defined, so that in future research the same definition will be applied.
